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The Newtonian model of a viscous fluid defined by two dimen- 
sional parameterg  ~ (density p and kinematic viscosity v) gives a good 
description of the flow of structureless fluids. ** From the thermo- 
dynamic viewpoint nonhomogeneous flow of a viscous fluid is linked 
with the process of approach to the equilibrium state, whereas the 
Newtonian model describes the state of spatially distributed nonequili- 
brium. For motions in the region of the scale Z the characteristic 
t ime of approach to the equilibrium state z = lzv -~, i . e . ,  is largely 
determined by this scale. Similar considerations also apply to such 
phenomena as diffusion and heat conduction. 

However, in real fluids other physical processes also occur and 
these admit local description. If local relaxation processes (such as 
orientation of particles, reorganization of supramolecular structures, 
adaptation of the motion of an admixture to the motion of the fluid 
etc.)  take place in the medium and exert a strong influence on its 
mechanical  behavior, then given a phenomenological approach to 
the analysis of motion it is necessary to introduce at least a relaxation 
t ime 0 characterizing the rate of approach to the equilibrium state 
of the most important of all the processes involved. 

The simplest fluid, for both distributed and local nonequilibrium, 
wili be the fluid defined by the three dimensional parameters p, u, 0 
(viscoelastic fluid). Note that from these parameters it is possible to 

~/~ ~/~ 
construct the characteristic length 0 u , velocity n~/zo -~/~, and 
modulus of elasticity puO" ~. This further confirms that models u and 
0 Characterize the motion of structured fluids. The best known phe-  
nomenological model of this type is the Maxwell fluid with stress 
relaxation. 

It is natural to expect a clear  manifestation of the special features 
of the mechanical  behavior of such fluids in turbulent flows, when 
motions with different space and rime scales occur. Our research is 
concerned with the simplest stage of decay of turbulent motion of a 
viscoelastic fluid with constant v and 0, when the higher correlation 
moments  of the velocity and stress fields can be neglected as com- 
pared with the second moments .  In this case we need not concern our- 
selves with the question of the possibility of a different choice of non- 
linear terms with respect to velocities and stresses in specific models 
of viscoelastic fluids. 

w D e c a y  in m o d e l  w i t h  s t r e s s  r e l a x a t i o n .  I t  i s  

n a t u r a l  to  d e s c r i b e  t h e  t u r b u l e n t  m o t i o n s  o f  s u c h  a 

f l u i d  in  t e r m s  o f  r a n d o m  v e l o c i t y  v i a n d  s t r e s s  (rij 

f i e l d s .  B e l o w  w e  s h a l l  r e s t r i c t  o u r s e l v e s  to  a s t u d y  of  

t h e  d e c a y  o f  h o m o g e n e o u s  i s o t r o p i e  t u r b u l e n c e .  I n  t h e  

f i n a l  p e r i o d  o f  d e c a y  t h e  e q u a t i o n s  o f  s t a t e  a n d  t h e  d y -  

n a m i c  e q u a t i o n s  c a n  b e  w r i t t e n  d i r e c t l y  in  l i n e a r i z e d  

f o r m  

Ovi Op Or'i; Ori 
a ~  = -  O~z~ @ &c~ , az~ = 0 ,  (1.1)  

O~Li 1 v / &'t 0v/ I 
+ 0 

*Henceforth we shall consider only the simple case of an incom- 
pressible fluid. 

**Under ordinary conditions short-range order i~ not manifested in 
low-molecular  fluids. 

H e r e  

(z:i> = (~ij} = 0, p = P - -  < P ) ,  (1.2)  

w h e r e  P i s  t h e  p r e s s u r e  in  t h e  f l u i d .  T h e  t r u e  v a l u e s  

o f  t h e  p r e s s u r e s  a n d  s h e a r  s t r e s s e s  a r e  e q u a l  r e s p e e -  

t i v e l y  to  p p  a n d  pcrij ,  s o  t h a t  p a n d  ai j  a r e  k i n e m a t i c  

q u a n t i t i e s .  

W e  i n t r o d u c e  t h e  f o l l o w i n g  c o r r e l a t i o n  t e n s o r s  o f  

t h e  r a n d o m  f i e l d s  i n  q u e s t i o n :  

(v~ (x) vj (x + r)) = B~j (r), <v~ (x) ~j~ (x + r)> = S~j~ (r), 

(~.3) 

(z~j (x) p (x ~- r)> = Tij (r), (z~ i (x) Okl (x + r)} = IVijk~ ( r ) .  

F r o m  s y s t e m  (1.1)  f o r  t h e s e  t e n s o r s  w e  g e t  t h e  

s y s t e m  

oRii (r) 0 3Sik I (r) 
at = ~ [&j~ (r) § Sj~k (r)], ot ~- 

t v ( ORi,~. ORu 1 OTI~ ~ (r) aw~j~l (r) 
+ y s.;, 09 = T ~-05Tr~ + -O~2~,~j ~ % % ' 

OW~ikl (r) 2 v ~ OSk~ (r) OSli j (r) 
ot + -o- w~j~ (r) = - -  ~ -  L---g;~ 4-, o~--~-- § 

OSik I (r) OSjk_~ l (r).-] , (1.4)  
-~ Or ~ + Or i j 

ORi3 (r) ORi) (r) OSik I (r) __ 0" 
Orj - -  ~ = O, Or i 

F r o m  t h e  s e c o n d  o f  E q s .  (1 .4)  a n d  t h e  s o l e n o i d a l i t y  

o f  R i j  a n d  S ik  / w e  h a v e  

ATIa  (r) - -  O~'Igis/a (r) 
OriOrj . (1 .5)  

w h e r e  A i s  t h e  L a p l a c e  o p e r a t o r  w i t h  r e s p e c t  to  t h e  

v a r i a b l e s  r m (m = 1 , 2 , 3 ) .  

U s i n g  t h e  s a m e  l e t t e r s  to  d e n o t e  t h e  F o u r i e r  t r a n s -  

f o r m s  of  t h e s e  t e n s o r s ,  w e  w i l l  d i s t i n g u i s h  t h e m  f r o m  

t h e  c o r r e l a t i o n  t e n s o r s  o n l y  i n  r e s p e c t  o f  t h e  a r g u -  

m e n t .  

B y  v i r t u e  o f  i s o t r o p y  a n d  t h e  s o l e n o i d a t i t y  o f  t h e  

t e n s o r s  R i j  a n d  Sik  I w e  h a v e  [11 

Rt~ (~) = (xi• - -  •  P, (• , 
(1 .6)  

S~sk (x) = ix s (•215 - -  • + • ( • 2 1 5  • 1S (•  

F r o m  t h e  t e n s o r  e q u a t i o n s  (1 .4)  w e  c a n  o b t a i n  s c a l a r  

e q u a t i o n s  f o r  t h e  f u n c t i o n s  R (K), S (~) a n d  f o r  t h e  f u n c -  

t i o n  
2 IV (• - -  • (xi• - -  • 6it~) [1 i/a (• �9 (1 .7)  

T h e s e  e q u a t i o n s  h a v e  t h e  f o r m  

OR (x) _ 2i• S (• 
Ot 

- -  ~ W (• 
(1.8) 

4i~• S ( •  
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System (1.8) reduces  to a s ingle  equation for the 
de t e rmina t ion  of R (x) 

For  t >> 0 and ~ ~ 0 r e l a t ion  (1.9) reduces  into the 
equation 

OR (0, t) = 0 (1.10) 
Ot 

which denotes the ex is tence  of a Loi t syanski i  i nva r i an t  
in the f inal  per iod of decay [1]. 

The solut ion of (1.9) has the following form:  

R (x, t) = Cx (x, to)exp ( - -  ~6~ )  @ 

+ exp ( - - t  O t----2 ) [C~ (x, t o ) e x p ( - - ' O  -̀----~ V - ~ )  --~ 

. oxp (1.11) 

where t o is some in i t ia l  moment  of t ime at which it  is 
a l ready  poss ib le  to neglect  h i g h e r - o r d e r  co r r e l a t i ons .  
The functions C~, C 2, and C 3 can be expressed  in t e r m s  
of the functions R (~,  to), S (~,  to) and W (~,  to). 

Since in the f inal  per iod of decay in te rac t ions  be-  
tween motions with di f ferent  x a r e  neglected  (nonl inear  
t e r m s  d is regarded) ,  they damp independent ly  of each 
other .  

Bear ing  in mind that there  is a c h a r a c t e r i s t i c  wave 
n u m b e r  

• = ~/~v-','~O-'."~ (1.12) 

dividing the wave space into two regions ,  we will  con-  
s i d e r  the law of a t tenuat ion in the two regions  sepa-  
ra te ly .  

At n > ~0,  which co r r e sponds  to s m a l l - s c a l e  m o -  
t ions,  we get 

H (• t )  = [C, (x,  to) + C2 (• to) e-''(~) (t-t~ ~:- 
(1.13) 

+ C:~ (• to) e ~(~)(t ,01] exp ( - -  - 7 - - ) ' t  - t o  

o) (• = 0-1• -~ (• - -  x~) '/' . (1.14) 

Equation (1.13) shows that the s m a l l - s c a l e  motions 
decay in accordance  with the un ive r sa l  law exp [ -  ( t -  
- t0)/0], while the osc i l l a t ing  behavior  of the exp re s s ion  
in squa re  b racke t s  re f lec t s  the fact that in the Maxwell 
model  h igh- f requency  e las t i c  shea r  waves exis t .  

Converse ly ,  at ~ < ~0 ,  which co r r e sponds  to l a r g e -  
sca le  motions,  for t - t  o >> 0 

R (• t) = C3e -~-~'(tf'~ t&. (1.15) 

By v i r tue  of the so lenoidal i ty  condi t ions ,  as  ~ - -  0 
the value of C 3 (~,  to) wil l  be bounded and equal to 

C3(0, to). 
At suff ic ient ly  la rge  t - t o  the motions with high 

wave n u m b e r s  decay and there  r e m a i n  only the l a r g e -  
sca le  motions with a law of a t tenuat ion  analogous to 
that for an o rd ina ry  v i scous  fluid. In this case  the 
c o r r e l a t i o n  t enso r  d e c r e a s e s  with t ime  in accordance  
with the known law of t -5~ {1]. 

w Decay  in a mode l  with re laxat ion of shear  s tra in  
rates .  As another  example of a medium with p a r a m -  
e t e r s  u, ~ let us cons ider  a model with shear  s t r a in  
ra te  re laxa t ion .  In the final period of decay the s y s -  
tem of l inea r ized  equations can be wr i t ten  in the form 

8v~ 8p 0~5 8vi _ 
~t - - - ~ +  % ~ -0 ,  

' (2.1) 

: (l + 2o ) + 

A model of this type, taking into account" local r e -  
laxat ion changes of the veloci ty field, has a quite c lea r  
physical  meaning.  Thus,  in the  macroscopic  d e s c r i p -  
t ion of the motion of a fluid with suspended pa r t i c l e s  
as a homogeneous medium,  apar t  from the concen t r a -  
t ion change in the v i scos i ty  coefficient,  it is n e c e s s a r y  
to take into account  the adaptat ion of the motion of the 
pa r t i c l e s  to the motion of the fluid. The c h a r a c t e r i s -  
tic re laxa t ion  t ime of this p rocess  0 ~ (pn/P)a2v -1, 
where Pn, P are  the densi ty  of the solid pa r t i c l e s  and 
the fluid, respec t ive ly ,  and a is the cha rac t e r i s t i c  l in -  
ear  d imens ion  of the pa r t i c l es .  

Assuming  isot ropy and homogeneity,  we can wri te  
the equation for Rij (r) as follows: 

0 
0-)- [(t - -  2v0h)B~ (r)] = 2vhR~5 (r), 

(2.2) 

0 a /~j (r) = - - / ~ j  (r) = 0. Orj 

For  the F ou r i e r  t r a n s f o r m  Rij (~) f rom (2.2) we ob- 
ta in  the express ion  

R~j (x, t) = (•215 - -  •  C (• to) e -~'~176 , 
v (2.3) 

Vo = t + 2v0• 2 " 

F r o m  (2.3) it  is c l ea r  that with decay of tu rbu lence  
the behavior  of such a fluid is analogous to the law of 
decay for a v iscous  fluid, but with an effective k ine-  
mat ic  v i scos i ty  coeff icient  depending on the wave n u m -  
be r .  

For  ~ << ~0 ( l a r g e - s c a l e  f luctuations)  

Hi (~, t) = ( •  - • C (0, to) e -2~ t l,) , (2.4) 

where  C(O, t o) is a bounded constant .  
Converse ly ,  for  ~ >> x0 ( s m a l l - s c a l e  f luctuations)  

we get the un ive r sa l  law of a t tenuat ion with r e spec t  to 
t ime  e- t /0 . 

The qual i ta t ive ly  obtained r e su l t s  for a model with 
shear  s t r a i n  ra te  re laxa t ion  coincide with the r e su l t s  
obtained in the previous  sec t ion.  

This conc lus ion  is not unexpected and re f lec t s  the 
genera l  fact of the p r e sence  of two re laxa t ion  t imes .  
Indeed, we shal l  cons ide r  the behavior  of f luctuat ions  
of sca le  l or co r re spond ing ly  of the wave vector  z ~ 1/ l .  
If we cons ide r  the sca les  for which 

l ~ t ~._~. 

then for such a sca le  at t - t  o >> 0 local  r e l axa t ion  
p r o c e s s e s  wil l  not play a par t  and the motion wil l  be 
en t i r e ly  de t e rmined  by o rd ina ry  v iscous  re laxa t ion .  
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The c o r r e s p o n d i n g  law of a t t enua t ion  wi l l  be 

l / ~  c ~"~:(~ <,). (2.5) 

C o n v e r s e l y ,  for  f luc tua t ions  of s c a l e  l s a t i s f y i n g  the 
condi t ion  

and c o r r e s p o n d i n g  to the c a s e  where  s p a t i a l l y  d i s t r i b -  
uted nonequ i l ib r ium r a p i d l y  r e l a x e s ,  a d e c i s i v e  r o l e  a t  
l a r g e  t - t o  is  p l ayed  only by loca l  r e l a x a t i o n  p r o c e s s e s  
and the law of a t t enua t ion  is  

/~ ~ ,-z ,~. (2.6) 

A c c o r d i n g  to [2], in the f luid mode l  in ques t ion  v e -  
loc i ty  j u m p s  a l s o  damp  exponen t i a l l y  (2.6). This  is  in 
a g r e e m e n t  with the above,  s ince  when the jump  is  

damped  it  is  ma in ly  the high f r equenc i e s  of the s p e c -  
t rum that  a r e  d i s t o r t e d .  

We note that  a r e a l  medium is c h a r a c t e r i z e d  by a 
whole s p e c t r u m  of r e l a x a t i o n  t i m e s ;  however ,  in the 
f inal  p e r i o d  of decay  the main ro l e  wi l l  be p layed  by a 
c e r t a i n  m i n i m a l  r e l a x a t i o n  t ime .  

The au tho r s  thank G. I. Ba re nb l a t t  for  his  useful  
adv ice .  
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